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Abstract 
This paper presents an adaptation of the back-propagation algorithm which results in a network that is described by a 
set of finite integer weight values and ternary activation function. Training requires full floating point processing to be 
performed off line. The resulting trained network can be implemented as a digital VLSI circuit using simple logic and 
memory structures. The novelty of the research lies in the use of a ternary activation function as opposed to binary, 
yielding greater network versatility with minimal expense in hardware overhead. Discussion concentrates on presenting 
the algorithm required for training, the conditions under which the algorithm is successful and the primary advantage 
of the ternary activation function. 

1. Introduction 
Artificial neural networks (ANN's) have found wide 
application in areas which have challenged conventional 
computing. As a result of this success, much research effort 
has been expended on the development of new paradigms 
with primary regard given to the resulting computational 
abilities. Unfortunately, as noted by Shoemaker et. al. [6], 
the majority of this research has neglected the problems 
associated with hardware implementation of the resulting 
networks as a parallel system. 
Whilst silicon is not likely to solve all the problems 
associated with hardware implementation of ANN's, it 
appears to be the best solution available in the near future 
[4]. As a result, it is believed that more regard should be 
given to the development of algorithms which result in 
networks that are realisable as VLSI parallel processor 
arrays. This paper deals with the adaptation of the back-
propagation algorithm presented by McLelland et. al. [10], 
one of the most commonly used and extensively studied 
ANN paradigms. The resulting digital network is 
represented by a limited set of integer weight values and 
the outputs of the processing elements are restricted to 
three values; -1, 0 and +1 (no, uncertain and yes). It should 
be noted that the training procedure requires full floating 
point arithmetic and it is only the resulting network that is 
implemented in hardware. 
The primary distinction between the research presented in 
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Figure 1. Processing element block diagram. 

this paper and that presented in previous papers [ 6, 7 ,8] is 
in its use of a ternary activation function as opposed to a 
binary function. The results demonstrate that, for a 
particular class of output codings referred to as I of x type 
representations, the ternary activation scheme has the 
potential to improve the generalisation yield of resulting 
networks. 

2. The Proposed Adaptation 
The back-propagation algorithm is based on a 
mathematical theory of gradient descent [ 10] in overall 
output error. This theory requires a differentiable non-
decreasing activation function, the most commonly used 
being the Sigmoid. In addition, the weight changes are 
based on the derivative of this function resulting in a 
continuous range of weights. It is the storage and 
calculation of these continuous values that pose the 
problem for hardware implementation. 
The typical software solution overcomes this problem by 
using a floating point processor and performing all 
calculations sequentially. However, as a result of the 
silicon area occupied by floating point processors, this is 
not a feasible option for large scale parallel processing. 
Various approaches to overcome this problem have been 
reported [1,2,3,6,7,8,9,11] ranging from analog to digital 
to a mixture of the two. Whilst analog circuits are simple 
and implementations of analog multipliers/accumulators 
are fast [2], they are not very densely integrated and are 
prone to noise, inter-chip and inter-wafer variations [3]. As 
a result, the approach taken has been to implement a fully 
digital ANN. 
As previously mentioned, the proposed system uses a 
limited set of integer weight values and a ternary 
processing element output. Figure 1 shows a block diagram 
of the proposed processing element consisting of a static 
RAM for storage of the integer weights, a simple 
combinational logic multiplier, accumulator and threshold 
circuit. External to the processing element are weight and 
processing element decoders plus additional control 
circuitry for read/write operations. The advantages of the 
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proposed system are substantially less silicon area required 
per processing element due to the simple number 
representation system and threshold circuitry used as the 
activation function. 

3. Training Algorithm 
The training algorithm is heavily based on work presented 
by Marchesi et. al. [8] and requires floating point 
processing. The algorithm consists of two phases. The 
primary phase consists of the standard back-propagation 
algorithm using the Sigmoid activation function and results 
in floating point weights. A deviation where the single 
Sigmoid was replaced by two Sigmoids more closely 
approximating the ternary activation function was also 
investigated, the reasoning being that a closer 
approximation would lead to a better retention of 
properties after quantization. Unfortunately results showed 
that, whilst there was little difference in secondary phase 
trainability for networks originating from the two different 
activation functions, the generalisation capabilities of the 
quantized networks resulting from the dual Sigmoid 
approach were considerably worse than those using the 
conventional Sigmoid activation function. 
The secondary phase takes the network generated by the 
primary phase and continues training whilst progressively 
decreasing the number of allowable quantized weight 
values. The training procedure uses normalised weight 
values which are scaled back up to integer values at the 
completion of training. Prior to a description of the 
secondary training algorithm, several key definitions need 
to be made. 

• The number of bits used for weight representation at a 
given point in time is denoted n. 

• The final set of allowable quantised integer weight 
values, WT, is defined by equation (1). 

WT = {x:-2n-l::;; x::;; 2n-l}, XE I (1) 

• The ternary activation (threshold) function to be 
implemented in hardware is defined by equation (2). 

-1 if sum:5;-(t+l) 
Cli(sum) = { +1 if sum~t (2) 

0 otherwise 
The region of sum values which results in an activation 
value of 0 is referred to as the uncertainty region whilst the 
value t is referred to as the positive threshold point. It 
should be noted that t is always a power of 2 and the 
negative threshold point occurs at a value of -(t+ 1) due to 
hardware implementation considerations. 

• During training, the number of bits allowable for 
weight representation is reduced in powers of two. The 
initial number of bits to be used is denoted 11i , the final 
number of bits is denoted nt . 
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The secondary phase training algorithm is as follows. 

1. Retrieve the network information generated by the 
primary training phase. 

2. Normalise the weights incident on each 
processing element (PE). This requires the determination 
of the maximum weight magnitude, WHj, incident on 
processing element j where WHj is described by equation 
(3), wji is the weight value associated with the path from 
processing element i in the previous layer to processing 
element j in the current layer, and K is the number of 

WHj = max{lwj;l},i = 1,2, ... K (3) 

processing elements in the previous layer. The weights are 
then normalised by dividing each weight incident on PE j 
by WHj, the new weights being denoted w}i· 

3. Set the initial number of bits to be used for weight 
representation to n = 11i • 

4. Scale the weights in such a way that the retention 
of relationships between weights after quantisation is 
optimised whilst the resulting error in output sum is 
minimised. Equation ( 4) descri.bes the error introduced by 

K 2 

Ej(A)= I_(w' ji-(A·w' ji}) (4) 
i=l 

weight scaling and quantisation where 0 denotes rounding 
to the nearest allowed weight value in WN and A is the 
scaling factor. WN is defined by equation (5). 

WT WN=- (5) 
2n 

It should be noted that the activation function used during 
this training stage is also scaled by dividing both positive 
and negative threshold points by 2nt. Note that it is the 
final number of bits for weight representation that 
determines the dividing factor and therefore must be 
decided on prior to commencement of the secondary 
training phase. 
Determination of the optimum value of A, Aj, for a given 
PE j is performed empirically by calculating Ej(A) for 
values of A in the range [0.5,1.5] incrementing in steps of 
0.001. Once Aj has been determined, scaling is performed 
according to equation (6) where w'' ji represents the scaled 
quantized weight value. 
w'' ji = (Aj· w' ji} (6) 

5. Present the training set to the new network. If the 
resulting error is non-zero (remembering that the 
activation values are now exact) then further training steps 
are required. Further training is achieved by calculating an 
accumulated weight change value at the end of a complete 
training set presentation. The accumulated weight change 
value is described by equation (7) where p indicates the 
p'th input/output pair of the training set, E is the number of 
input/output pairs in the training set, and ~ is described by 
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- [~(~·w)] 
tlWji = -=-:... ___ ..:::!. 

E 

(7) 

equation (8) if processing element j is in the output layer or 
equation (9) if processing element} is a hidden element. 
~=(ti-ai) (8) 

~=[ ~&·Wkj] (9) 

At the end of a complete training set presentation, weight 
changes are made according to equation (1 0) where 11 is a 

w" F(m+ 1) = ( w" F(m) + 11· Llwii) (10) 
learning rate coefficient. In the event that the RMS error 
does not change (which indicates that weight changes are 
not having a significant effect), 11 is increased until the 
RMS error does change. Training set presentations are 
continued until the RMS error reaches zero. The initial 
value of 11 was 0.2 and the increment 0.02. 

6. If n * nt then n is decremented by one and the 
procedure continues from step 4. Otherwise training is 
complete in which case the normalised weight values are 
multiplied by 2n1 to produce integer values. 

This completes the description of the training procedure. 

4. Experiments 
In order to evaluate the training procedure, experiments 
were carried out on a relatively simple digit recognition 
problem. There were several objectives to the evaluation. 
Firstly, an investigation into the effects of the number of 
bits used for weight representation and the width of the 
uncertainty region on the trainability and generalisation 
capabilities of the resulting networks was required. The 
purpose was to gain some insight into what combination of 
these two factors should be implemented in hardware. In 
addition to this, the effectiveness of the ternary activation 
function as a means of increasing generalisation yield for 
noisy input patterns on 1 of x type output codes was 
investigated, this being considered one of the prime 
advantages of the ternary activation system. 
The data sets for training and evaluation are shown in 
figure 2. Rather than using a binary input representation, 

Digit Binary code Ternary code 
0 -1 -1 -1 -1 -1 -1 -1 
1 -1 -1 -1 +1 -1 -1 0 
2 -1 -1 +1 -1 -1 -1 +1 
3 -1 -1 +1 +1 -1 0 -1 
4 -1 +1 -1 -1 -1 0 0 
5 -1 +1 -1 +1 -1 0 +1 
6 -1 +1 +1 -1 -1 +1 -1 
7 -1 +1 +1 +1 -1 +1 0 
8 +1 -1 -1 -1 -1 +1 +1 
9 +1 -1 -1 +1 +1 -1 -1 

11111 
11111 

Training set input patterns 

11111 
11111 

Evaluation noisy input patterns 

-1 0 +1 +1 +1 +1 

Coding legend 

Figure 2. Training and evaluation data sets. 

the ternary nature was taken advantage of to reduce the 
number of elements in the input vector from 48 to 12, thus 
reducing the number of processing elements required in the 
input layer. This was achieved by dividing the 48 element 
array into 12 sub-arrays of 4 elements each with coding as 
shown in Figure 2. 
In order to gain more insight into the effectiveness of the 
training algorithm and properties of the resulting networks, 
three different output representation methods were used. 
The output representations are shown in Table I. Training 
was performed for hidden layer sizes ranging from 5 to 20 
with 5 different random starting points for each hidden 
layer size in order to ensure that the observed results were 
a good representation of the overall performance of the 
system. The number of bits considered for weight storage 
ranged from 4 to 10 whilst the positive threshold points 
were varied from 1 to 32 in powers of two. 

1 of 10 code 
-1 -1 -1 -1 -1 -1 -1 -1 -1 +1 
-1 -1 -1 -1 -1 -1 -1 -1 +1 -1 
-1 -1 -1 -1 -1 -1 -1 +1 -1 -1 
-1 -1 -1 -1 -1 -1 +1 -1 -1 -1 
-1 -1 -1 -1 -1 +1 -1 -1 -1 -1 
-1 -1 -1 -1 +1 -1 -1 -1 -1 -1 
-1 -1 -1 +1 -1 -1 -1 -1 -1 -1 
-1 -1 +1 -1 -1 -1 -1 -1 -1 -1 
-1 +1 -1 -1 -1 -1 -1 -1 -1 -1 
+1 -1 -1 -1 -1 -1 -1 -1 -1 -1 

Table I. Output representation methods. 
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Figure 3. Trainability as a function of weight size. 

4.1. Trainability 

The results of the trainability investigations are shown in 
Figure 3, with shaded regions showing the combinations of 
weight size and uncertainty region width for which more 
than 70 out of 80 networks successfully completed the 
secondary training phase. The results for the binary coding 
and l of 10 output representations were found to be quite 
similar; not surprising since both use only binary values in 
their output vectors (± l). For this type of output 
representation, trainability was found to decrease for ratios 
of maximum weight value to uncertainty region widths 
above a certain level. In this particular case, that ratio is 
approximately 1:1. For a ratio of greater than l:l, each 
weight has the ability to cause the sum to exceed the 
threshold value thus resulting in the required activation 
value of ± l. As the width of the uncertainty region is 
increased, the ability of the weights to result in sums which 
lie outside the uncertainty region is decreased. 
Turning our attention to the ternary output coding, a 
second region of poor trainability is observed for ratios of 
maximum weight magitude to uncertainty region width 

below a certain value. For this particular problem, the ratio 
is approximately 6:1. This region results from a lack of 
ability to result in sums which fall in the uncertainty 
region, with changes in weights likely to cause sum values 
which oscillate about the uncertainty region but never fall 
into it. 

4.2. Generalisation Capabilities 

The noisy input patterns used for investigating the 
generalisation capabilites of the resulting networks are 
shown in Figure 2 with the results being shown in Figure 4. 
Each pattern contains three randomly chosen altered 
elements. The criteria used to define good generalisation 
was not an absolute value, but rather a combination of a 
relatively stable percentage of correct mappings and less 
than 5% of examples being incorrectly mapped to other 
known output codes. The charts showing the dependance 
of generalisation capabilities on the number of bits used for 
weight representation and the width of the uncertainty 
region show similar properties to those of the trainability 
charts with one significant difference. Whilst the charts 
show the same relationships of dependance on a ratio of 

Binary output coding 1 of 1 0 output coding Trinary output codin 
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Figure 4. Generalisation as a function of weight magnitude and uncertainty region width. 
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maximum weight magnitude to uncertainty region width, 
there exists also an upper limit on the uncertainty region 
width above which generalisation becomes progressively 
poorer. In this region, it is not the percentage of correctly 
classified noisy input patterns that decreases but the 
percentage of incorrect mappings to other known codes 
increasing that defines a poor generalisation capability. 

4.3. Yield Improvement 
It was previously mentioned that one of the expected 
advantages of the the ternary activation function was the 
improvement of generalisation yield for I of x type output 
codings. The improvement is possible since, provided none 
of the output values in the code traverse the uncertainty 
region from an activation of -1 to + 1 (or vice versa), the 
digit can be recognised by the highest activation value in 
the output vector. To verify this expectation, the 
percentage of output vectors for which none of the 
elements traversed the uncertainty region was added to the 
correctly mapped outputs, the results being shown in 
Figure 5. The result was a significantly improved 
generalisation yield for low weight sizes, an advantage for 
hardware implementation purposes. It should be noted that 
the condition in which all the output vector elements took 
the value 0 was not accounted for in this analysis and is 
probably responsible for the apparent high yield associated 
with wide uncertainty regions for which its occurrence 
becomes more probable. 

Exact correct classification 
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Figure 5. Yield improvement on 1 of x output codings. 

5. Conclusion 
In conclusion, an adaptation of the back-propagatation 
algorithm which results in a set of integer weight values 
and uses a ternary activation function has been presented. 
The results of preliminary investigations on the 
effectiveness of the training algorithm as a function of the 
number of allowable weight values and the width of the 
uncertainty region of the ternary activation function show 
that the direction is worth pursuing as a means of 
improving the implementability of ANN's as VLSI parallel 

processor arrays. Furthermore, investigation of the use of 
the ternary activation function as a means of improving 
generalisation yield for 1 of x type output representations 
has shown this to be a useful property of the ternary 
activation function. 
In retrospect, the digit recognition problem assigned for 
evaluating the training algorithm was quite harsh due to the 
low number of elements in the input vector. Further 
investigation should include testing the algorithm on larger 
scale problems in combination with comparisons of the 
generalisation capabilities of digital networks using a 
binary activation function and the networks generated by 
the primary training algorithm. 
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